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Abstract—Although many Graph Convolutional Neural Net-
works (GCNNs) have achieved superior performances in semi-
supervised node classification, they are designed from either the
spatial or spectral perspective, yet without a general theoretical
basis. Besides, most of the existing GCNNs methods tend to ignore
the ubiquitous noises in the network topology and node content,
and thus unable to model these uncertainties. These drawbacks
certainly reduce their effectiveness in integrating network topol-
ogy and node content. To provide a probabilistic perspective to
the GCNNs, we model the semi-supervised node classification
problem as a topology-constrained probabilistic latent space
model, Probabilistic Graph Convolutional Network (PGCN). By
representing the nodes in a more efficient distribution form, the
proposed framework can seamlessly integrate the node content
and network topology. When specifying the distribution in PGCN
to be Gaussian distribution, the transductive node classification
problems can be solved by the general framework and a specific
method, named Probabilistic Graph Convolutional Network with
Gaussian distribution representation (PGCN-G) is proposed.
To overcome the overfitting problem in covariance estimation
and reduce the computational complexity, PGCN-G is further
improved to PGCN-G+ by imposing the covariance matrices of
all the vertices to possess the identical singular vectors. The opti-
mization algorithm based on Expectation Maximization indicates
that the proposed method can iteratively denoise the network
topology and node content with respect to each other. Besides
of the effectiveness of this top-down framework demonstrated
via extensive experiments, it can also be deduced to cover the
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Fig. 1. An illustrative example of the proposed framework. The uncertainties
of the links and node contents are modeled as distributions from probabilistic
perspective. Each circle stands for a node in the network, while the two-
dimensional vector represents its content. Connection between each pair of
nodes denotes that there exists an observed edge between them. Although the
observed node content is in the vector form, it is modeled as a parametric
distribution p(x|θ). For each observed edge, a distribution p(z) is exploited
to model the probability of its two endpoints belonging to the same class.
Different node content obeys different distributions, which are represented as
the two-dimensional color maps, except the center (red) node. To demonstrate
the different probabilities of connected nodes which belong to the same
classes, the connections are illustrated via different colors.

existing methods, GCN, GAT and GMM and elaborate their
characteristics and relationships, by specific derivations.

Index Terms—Graph Convolutional Network, probabilistic
model, node classification, semi-supervised learning.

I. INTRODUCTION

Networks, including social networks, biological networks
and technological networks, are ubiquitous in real world [1],
[2], [3], [4], [5], [6]. They usually possess some common
properties, such as community structure [7], [8], [9], scale-free
property [10], etc. Network-based data analysis has become an
interesting and challenging topic, and many specific problems
have been explored. Among these problems, network parti-
tion (node classification) has been widely studied. According
to various applications of the to-be-processed network data,
traditional network partition techniques can be categorized
into two categories: 1) Community detection, a.k.a. graph
clustering, only exploits the network topology information
[7]; 2) Node classification, a.k.a. semi-supervised community
detection, usually resolves the problem by adopting both the
network topology and label information [11].
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Node classification in attributed network, which exploits
the characteristics of network topology, meta-data in the
nodes/edges, and the labels, has drawn significant attentions
from researchers, because of the varieties of the meta-data.
The majority of the existing techniques focuses on developing
efficient approaches to extract semantic features from both
the network topology and meta-data. Motivated by the feature
learning strategy in deep learning [12] and the effectiveness of
convolution neural networks (CNNs) [13], many efforts have
been made to generalize CNNs to process the graph-structured
data.

To handle various sizes of neighbourhoods and maintain the
weight sharing property in CNNs, graph convolutional neural
networks (GCNNs) [14], [15], [16], [17], [18] are invented and
they can be classified into two categories, spatial and spectral
approaches. Spatial approaches either learn different weight
matrices for nodes with various degrees [15] or sample a fixed-
size neighbourhood for each node [19], [20]. MoNet unifies
the spatial convolution operation as a weighted mixture of
all the neighbours and specifies the weights via a Gaussian
kernel [21]. Graph attention networks (GAT) applies the
attention mechanism to effectively process the variable sized
neighbourhoods [22].

Spectral approaches employ the convolution operation in
Fourier domain to effectively handle various neighbourhood
sizes. Traditionally, they firstly compute the singular value
decomposition (SVD) of the graph Laplacian L = UΛUT ,
where L = D−A is the Laplacian matrix of graph A. Then, by
applying the spectral filter to the singular values Ugθ(Λ)UT ,
the spectral convolution is performed to the graph signal x as
gθ ∗ x = Ugθ(Λ)UTx. Unfortunately, the huge computational
complexity of SVD hinders their applications to the large scale
networks. Therefore, Hammond et al. approximates gθ(Λ) by a
truncated expansion of Chebyshev polynomials [14]. Kipf and
Welling further approximate it with the first Chebyshev poly-
nomials [23]. This simplification, named Graph Convolutional
Network (GCN), reduces the model complexity to be linearly
proportional to the number of edges and outperforms many
state-of-the-art techniques. Although its core mechanism is
based on the spectral convolution, GCN can also be interpreted
from the perspective of spatial convolution. Recent work
indicates that GCN is equivalent to a Laplacian smoothing
operation to all the neighbours [24].

Although many GCNNs algorithms have been proposed and
some of them achieve superior performances [25], [26], [27],
[28], [29], they are designed from either the spatial or spectral
perspective, yet without a general theoretical basis. The lack
of the theoretical basis hinders both the analysis of the existing
methods and development of the novel methods. Besides,
most of the existing GCNNs methods tend to ignore the
ubiquitous noises in the network topology and node content,
and thus unable to model these uncertainties. These drawbacks
obviously reduce their effectiveness in integrating network
topology and node content.

To provide a probabilistic perspective to the GCNNs meth-
ods, in this paper, we formulate the basic graph convolution
operation by a topology-constrained latent space model, Prob-
abilistic Graph Convolutional Network (PGCN), which serves

as a general framework for the GCNNs. By representing the
nodes and edges in the networks in a more efficient distribution
form as shown in Figure 1, their uncertainties can also be
formulated. When specifying the distribution in (PGCN) as
Gaussian distribution, it is equivalent to applying the general
framework to the specific type of problems, and a specific
method, named Probabilistic Graph Convolutional Network
with Gaussian distribution representation (PGCN-G), can be
constructed. To overcome the overfitting problem in covariance
estimation and reduce the computational complexity, PGCN-G
is further improved to PGCN-G+ by imposing the covariance
matrices of all the vertices to possess the identical singular
vectors. The proposed formulation can be optimized by iter-
atively performing the Expectation Maximization (EM) algo-
rithm and solving a logistic regression problem. Specifically,
the optimization algorithm iteratively denoises the network
topology and the node content with respect to each other.
Besides of the effectiveness of this top-down framework, it
can also be deduced to cover the existing methods, GCN, GAT
and GMM and elaborate their characteristics and relationships,
by specific derivations and comparing PGCN-G+’s iterative
algorithms with the training processes of GNNs.

The contributions are summarized as follows:
• To simultaneously denoise the network topology and node

content, we formulate GCNNs as a general latent space
framework, Probabilistic Graph Convolutional Network
(PGCN), and represent the node content and edge weight
as parametric distributions for semi-supervised node clas-
sification.

• By assuming that node content obeys Gaussian distribu-
tion, we propose Probabilistic Graph Convolutional Net-
work with Gaussian distribution representation (PGCN-
G), which applies the general PGCN framework to the
specific Gaussian distribution based problems. To over-
come the overfitting in parameter estimation, we extend
PGCN-G to its enhanced version PGCN-G+ by constrain-
ing the covariances of all the nodes to possess identical
the same singular vectors.

• We analyze three existing spatial/spectral based methods,
GCN, GAT and GMM, to prove that these methods can be
derived from our proposed framework, and thus conclude
that they are the special cases of the proposed PGCN-
G+. Besides, our proposed framework provides a tool
to analyze the characteristics and relationships of the
existing methods.

II. NOTATIONS

A network can be represented by an attributed graph G =
(V, E ,X). V = {vi|i = 1, ..., N} is a set of |V| = N vertices,
where vn is associated with a feature xn ∈ RK . X ∈ RN×K is
the collection of the features, each row of which corresponds to
one node. E stands for a set of edges, each of which connects
two vertices in V . The adjacency matrix A = [aij ] ∈ RN×N
is employed to represent the network topology, where aij = 1
if an edge exists between the vertices vi and vj , and vice
versa. If the network is allowed to contain self-edges, then
ann = 1, otherwise ann = 0. an, which denotes the nth
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Fig. 2. The example of joint distribution p(an, zn). (a) Topology and a2.
(b) An example of z2 where z23 = 1 represents v3 is the most similar node
to v2. (c) The joint distribution of a2k and z2k .

column of A, can be utilized to represent the neighbourhood
of vertex vn. dn =

∑
j anj is the degree of vertex vn, and

D = diag(d1, d2, ..., dN ) is the degree matrix of the adjacency
matrix A. The graph Laplacian and its normalized form are
defined as L = D−A and L = D−

1
2 LD−

1
2 , respectively.

For semi-supervised node classification task, we consider
both the transductive and inductive learning scenarios.

Definition 1. For a network, given the labels Y = [ynf ] ∈
R|Vl|×F of a set of vertices Vl ⊂ V , where F is the number
of classes, transductive semi-supervised node classification
classifies other nodes V −Vl according to the attributed graph
G and given labels Y.

Definition 2. Inductive semi-supervised node classification
learns the model from a set of L attributed graphs {Gi}Li=1

with labels, and classifies all the nodes of M unseen attributed
graphs {Gi}L+Mi=L+1. All the attributed graphs {Gi}L+Mi=1 share
the same set of attributes.

III. PROBABILISTIC GRAPH CONVOLUTIONAL NETWORK

In this section, we propose a general framework, Probabilis-
tic Graph Convolutional Network (PGCN), which models the
interactions between the network topology and node content.
Then, a specific type of problems, where the distribution
of each node can be modeled by a multivariate Gaussian
distribution, is introduced.

A. The General Framework PGCN

Most existing work on semi-supervised node classification
are discriminative algorithms which model the dependence of
unknown variables with respect to the observed variables such
as Logistic regression and Support Vector Machine. On the
other hand, generative algorithms, which construct statistical
models of the joint probability distribution of the unknown and
observed variables, formulate the generation process of data,
such as Latent Dirichlet Allocation (LDA) [30], stochastic
block model (SBM) [31] and Generative adversarial networks
(GANs) [32]. As shown in [33], generative algorithms usually
outperform discriminative ones when the labelled data is
limited. Therefore, in this paper, we pioneer to model the semi-
supervised node classification as a generative model. In this

model, variables are represented via distributions instead of
vectors to characterize its properties and uncertainties.

Different from the existing generative models, which con-
sider the node labels as latent variables and then model the
conditional distribution of observed data based on the node
labels, we consider the binary labels of directed edges as the
latent variables and then model the conditional distribution of
observed data based on the edge labels. For undirected graph,
each undirected edge can be decomposed into two directed
edges. If the label of a directed edge is one, the target node
tends to be most similar node to the source node, among all
the nodes. Specifically, for each vertex vn, its observation is
{an,xn}, where xn and an represent the content and topology
information, respectively. To represent the similarity, a N -
dimensional binary random variable (indicator) zn ∈ {0, 1}N
is introduced, where

∑
k znk = 1. znk = 1 if and only if the

nodes vn and vk are connected (ank = 1) and vk is the most
similar node to vn among all the nodes. znn = 1 represents
that the most similar node to nodes vn is not is its neighbours.
To model the prior, a variable πk, which describes the node
popularity and is normalized to 0 ≤ πk ≤ 1 with

∑
k πk = 1,

is assigned to each node. An example is shown in Figure
2(b), where v3 is the most similar node to v2. Assume the
prior probability, which describes the possibility of node vk
being the most similar node to vn if they are connected, is
proportional to the popularity πk of node vk. Thus, the joint
distribution over znk and ank is specified as

p(ank = 1, znk = 1) = p(znk = 1|ank = 1)p(ank = 1)

= πk × 1 = πankznk

k .

An example is shown in Figure 2(c). Similar to many existing
generative models including SBM, our framework simplifies
the construction of the edges to be independent of each other.
Then, it can be reformed to

p(an, zn) =

N∏
k

πankznk

k . (1)

To facilitate the modeling of the node content, we represent the
content of node vn as a distribution p(x|θn) with a parameter
θn, as shown in Figure 1. Note that the specific distribution
will be discussed in the next sections. p(xn|θn) denotes the
likelihood of node vn possessing the content xn, and p(xn|θk)
represents the content similarity between the nodes vn and
vk. If nodes vn and vk are connected and belong to the same
class, p(xn|θk) should be large. If node vn and none of its
neighbours belong to the same class, p(xn|θn) should be
larger than any p(xn|θk). Then, the likelihood of the content
xn is p(xn|ank = 1, znk = 1) = p(xn|θk). Therefore, given
the network topology an and indicator zn, the conditional
distribution of xn is

p(xn|an, zn) =

N∏
k

p(xn|θk)ankznk . (2)
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Fig. 3. Graphical representations of our proposed PGCN-G and PGCN-G+, along with PGCN-G+’s special cases GCN (one layer), GAT (one layer) and
GMM, where the rectangles and circles denote parameters and random variables, respectively. The unshaded nodes represent the latent variables/parameters
to be learned, while the shaded nodes represent the observed variables and fixed parameters.

Given the joint distribution as

p(an,xn, zn) = p(an, zn)p(xn|an, zn)

=
N∏
k

(πkp(xn|θk))
ankznk , (3)

the marginal distribution of the observation {an,xn} can be
computed by summing the joint distribution over all the zn as

p(an,xn) =
∑
zn

p(an,xn, zn) =
∑
zn

∏
k

{πkp(xn|θk)}ankznk ,

=
∑

k∈N(n)∪{n}

πkp(xn|θk), (4)

where N(n) denotes the neighbourhood of vertex vn. For the
attributed graph G = (V, E ,X) with the adjacency matrix A,
the likelihood function (joint distribution) can be specified as

p(A,X|π,Θ) =

N∏
n=1

∑
k∈N(n)∪{n}

πkp(xn|θk), (5)

where π = {π1, ..., πN} and Θ = {θ1, ...,θN} are the
parameters, and the logarithm of the likelihood function is

log p(A,X|π,Θ) =

N∑
n=1

log

 ∑
k∈N(n)∪{n}

πkp(xn|θk)

 .

(6)

Unfortunately, direct optimization of this (log) likelihood
function log p(A,X|π,Θ) is difficult, because the logarithm
function outside the summation function will require a very
large amount of computations. Instead, optimizing the com-
plete data likelihood function p(A,X,Z|π,Θ) is much easier.
Here, the expectation maximization (EM) algorithm [34] is
exploited to find the maximum likelihood solutions for the
models with latent variables Z by iteratively constructing a
lower-bound for log p(A,X|π,Θ) (E-step) and then optimiz-
ing that (M-step). In E-step, the posterior distribution of the
latent variables can be computed with respect to the current
parameters {πold,Θold} as

γ(znk) = p(znk = 1|A,X,πold,Θold)

=
πoldk p(xn|θoldk )∑

j∈N(n)∪{n} π
old
j p(xn|θoldj )

, (7)

which is one of the edges illustrated via different colors
in Figure 1. Then, the expectation of the complete-data log
likelihood function is calculated with estimated p(znk =
1|A,X,πold,Θold) as

Q({π,Θ}, {πold,Θold}) (8)

=
∑
Z

p(Z|A,X,πold,Θold) log p(A,X,Z|π,Θ)

=
∑
Z

p(Z|A,X,πold,Θold)

N∑
n=1

∑
k∈N(n)∪{n}

log πkp(xn|θk).

where the definition of p(an,xn, zn|π,Θ) is shown in Eq.
(3). In M-step, the new parameters {π,Θ} are determined by
maximizing Q({π,Θ}, {πold,Θold}) via

{πnew,Θnew} = argmax{π,Θ}Q({π,Θ}, {πold,Θold}).
(9)

B. PGCN-G
After the general framework is introduced, it is applied to a

specific type of problems where the distribution of each node
vn can be modeled by a multivariate Gaussian distribution as

p(x|θn) = N (x|µn,Σn)

∝ exp

{
−1

2
(x− µn)TΣ−1n (x− µn)

}
, (10)

where µn is a K-dimensional mean vector and Σn is a K×K
covariance matrix. This model is named as Probabilistic Graph
Convolutional Network with Gaussian distribution representa-
tion (PGCN-G). Its graphical representation is shown in Figure
3(A). According to the EM algorithm in Eqs. (7) and (9), the
following updating rules can be obtained:

γ(znk) =
πkN (xn|µk,Σk)∑

j∈N(n)∪{n} πjN (xn|µj ,Σj)
, (11)

µn =
1

Nn

∑
k∈N(n)∪{n}

γ(znk)xk, (12)

Σn =
1

Nn

∑
k∈N(n)∪{n}

γ(znk)(xn − µk)(xn − µk)T , (13)

where Nn =
∑
k∈N(n)∪{n} γ(znk) and πn = Nn/N . For

convenience, we omit the superscript .old in the parameters.
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IV. PGCN FOR SEMI-SUPERVISED NODE CLASSIFICATION

In this section, the proposed Probabilistic Graph Convolu-
tional Network (PGCN) is applied to the (transductive) semi-
supervised node classification problem. Then, an illustrative
explanation of its mechanism and validity is given. At last,
the applicability of the general framework to the inductive
learning task is demonstrated.

A. PGCN-G+

In Eq. (13), the number of variables in Σn is K × K,
which is much larger than that in µn. Meanwhile, the number
of neighbours of the vertex vn, i.e., its degree dn, is very
small for most of the vertices, because it obeys the power law
distribution [10]. Therefore, the estimation of Σn in Eq. (13)
may be insufficient. In this section, the problem of updating
Σn is alleviated by enhancing the model and leveraging the
label information.

Since the covariance matrix Σn is symmetric and positive-
definite, without loss of generality, SVD can be ex-
pressed in the form of Σn = UT

nΛnUn, where Λn =
diag(λn1, ..., λnK) is the singular value matrix and Un ∈
RK×K is the collection of the singular vectors. The SVD of
Σ−1n is Σ−1n = UT

nΛ−1n Un with Λ−1n = diag(λ−1n1 , ..., λ
−1
nK).

Then, the multivariate Gaussian distribution in Eq. (10) can
be rewritten as

N (x|µn,Λn) ∝ exp

{
−1

2
[Un(x− µn)]TΛ−1n [Un(x− µn)]

}
,

where f = Un(x−µn) can be regarded as a new coordinate
system defined by the singular vectors Un, as shown in
Figure 4. Motivated by the previous distribution-based network
embedding schemes, where the covariance matrix of Gaussian
distribution is assumed to be diagonal [35], [36], we relax
the covariance matrix for each node to only possess identical
singular vectors,

Σ−1n = UTΛ−1n U,

and the nodes can be represented by

N (x|µn,UTΛnU)

∝ exp

{
−1

2
[(Ux−Uµn)]TΛ−1n [(Ux−Uµn)]

}
. (14)

This enhanced model is named as PGCN-G+, and its graphical
representation is shown in Figure 3(B). Then, the logarithm
of the likelihood function in Eq. (6) can be computed as

log p(A,X|π,µ,Λ,U)

=

N∑
n=1

log

 ∑
k∈N(n)∪{n}

πkN (xn|µk,UTΛkU)

 , (15)

x1

x2

u1
u2

y1

y2

λ11/2
λ21/2

μ

Fig. 4. The new coordinate system defined by the singular vectors U (Refer
to Figure 2.7 in [37]).

and the expectation of the complete-data log likelihood func-
tion in Eq. (8) can be calculated as

Q({π,Θ}, {πold,µold,Λold,Uold})

=
∑
Z

[p(Z|πold,µold,Λold,Uold)×

N∑
n=1

∑
k∈N(n)∪{n}

log πkN (xn|µk,UTΛkU)]. (16)

To iteratively optimize the problem, three variables, U,
Λn = diag(λn1, ..., λnK) and Uµn, are required to be
separately updated. Here, Uµn is directly updated instead of
updating µn followed by multiplication with U for computa-
tion and implementation considerations. Λn is updated by

λnk =
1

Nn

∑
j∈N(n)∪{n}

γ(znk)[uk∗(xn − µj)]
2, (17)

where uk∗ denotes the kth row of U. Compared to the updat-
ing rule of Σn in Eq. (13), updating Λn in Eq. (17) reduces
the number of parameters from K2 to K, which prevents
the overfitting problem. After updating Λn, the corresponding
Uµn and γ(znk) are updated as

γ(znk) =
πk|Λk|−1/2 exp

{
− 1

2 fTnkΛ
−1
k fnk

}∑
j∈N(n)∪{n} πj |Λj |−1/2 exp

{
− 1

2 fTnjΛ
−1
j fnj

} ,
(18)

Uµn =
1

Nn

∑
k∈N(n)∪{n}

γ(znk)Uxk, (19)

where

fnk = U(xn − µk) = Uxn −Uµk. (20)

Eq. (19) can be reformed to

TPGCN-G+ = OXW (21)

where O = [onk] ∈ RN×N with onk = γ(znk)/Nn, X ∈
RN×K with nth row being xTn and W = UT .

Unfortunately, the matrix U, which contains the singular
vectors, cannot be directly obtained by setting the derivative
of Eq. (16) with respect U equal to zero. Thus, we leverage
the label information to effectively estimate U. Recall that the
mean µn of N (x|µn,Λn) represents most of the information
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of vertex vn, and the projection Uµn represents the latent
semantic of vertex vn. Therefore, we intend to connect the
projection Uµn with the label of vertex vn, i.e., the nth row
of Y. By adopting W into U instead of learning a projection
W from U, we constrain U ∈ RK×F and compute the cross-
entropy over all the labelled nodes.

L = −
∑
n∈Vl

F∑
f=1

ynf log(tnf ) = −
∑
n∈Vl

F∑
f=1

ynf log(uf∗µn),

(22)

where Vl represents the set of labelled nodes, F stands for the
number of classes and uf∗ denotes the f th row of U. Then, U
can be estimated by minimizing L. Besides, the dimensions
of Λn should also be adjusted to F × F according to the
dimensions of U.

B. Objective Function and Optimization

The overall objective function of PGCN-G+ is the combi-
nation of the following two objective functions

U∗ = arg min
U

−
∑
n∈Vl

F∑
f=1

ynf log(uf∗µ
∗
n), (23)

{
π∗, {µ∗n,Λ∗N}Nn=1

}
= arg max

π,{µn,ΛN}Nn=1

log p(A,X|π,µ,Λ,U∗)

= arg max

N∑
n=1

log

 ∑
k∈N(n)∪{n}

πkN (xn|µk,U∗TΛkU
∗)

 .

(24)

In Eq. (23), µ∗n’s are fixed and the optimal U∗ can be
obtained by minimizing the cross-entropy loss function with
batch gradient descent algorithm. In Eq. (24), U∗ is fixed
and the optimal

{
π∗, {µ∗n}Nn=1, {Λ∗N}Nn=1

}
are obtained via

the Expectation Maximization (EM) algorithm. In the E-step,
the posterior is computed via Eq. (18). In M-step, the model
parameters µn’s, Λn’s and πn’s are updated via Eqs. (19),
(17) and πn =

∑
k∈N(n)∪{n} γ(znk)/N , respectively. The

overall optimal solution is obtained by iteratively optimizing
Eqs. (23) and (24). Note that the EM algorithm in the inner
loop guarantees that the results converge to a locally optimal.
However, it is difficult to show that the outer loop guarantees
that the results converge to a locally optimal, since our
objective function is the combination of Eqs. (23) and (24). To
speed-up the convergence, the inner loop is omitted as most of
the alternating direction method of multipliers (ADMM) [38]
approach, and the final PGCN-G+ algorithm for transductive
semi-supervised node classification is shown in Algorithm 1.

There exists two reasons of separately learning U and other
parameters. First, as shown in Eq. (14), the matrix U, which
contains the singular vectors, can also be considered as a
mapping from the original node content x to its semantical
version Ux. Thus, estimating U by leveraging label infor-
mation is much more effective and accurate than learning U
via unsupervised schemes. Second, if U has been learned, the
Gaussian distribution N (x|µn,UTΛnU) in Eq. (14) can then
be reformed to N (Ux|Uµn,Λn), which considers Ux as a

Algorithm 1: PGCN-G+ for Transductive Learning
(Speed-up)

Input: Adjacency matrix A ∈ RN×N , feature matrix
X ∈ RN×K , node label matrix Y ∈ R|Vl|×F
and the number of classes F .

Output: New adjacency matrix O, mapping U and
prediction T.

1 Randomly initialize U;
2 Initialize πn = dn/

∑
dn;

3 while not convergence do
4 %—– Exception-step —–
5 Update posterior γ(znk) via Eq. (18);
6 Update O with onk = γ(znk)/Nn;
7 %—– Maximization-step —–
8 Update µn via Eq. (19);
9 Update Λn via Eq. (17) ;

10 Update πn =
∑
k∈N(n)∪{n} γ(znk)/N ;

11 %—– Mapping-step —–
12 Update U by minimizing Eq. (22) via batch

gradient decent;
13 end
14 TPGCN-G+ = σ(OXU);
15 return O,U,T.

random variable. Then, we can estimate its mean Uµn and
diagonal covariance matrix Λn by maximizing Eq. (24) with
EM, which guarantees that the results converge to a locally
optimal.
Remark: In Eq. (18), fTnkΛ

−1
k fnk can be regarded as the

weighted `2 norm of fnk. It assigns weights to various
features in different nodes. Since different vertices tend to
focus on different features, the learned Λ−1k is equivalent to
the attentions obtained by the attention mechanism [39] in
the node features. This is the main advantage to exploit the
distribution-based node representation in PGCN-G+ compared
to Graph Attention Network, which applies the same attention
mechanism to all the nodes.

C. How and Why does PGCN-G+ Work?

PGCN-G+, as shown in Algorithm 1, is formulated as a
latent space model and specifies the node content representa-
tions as Gaussian distributions. In this subsection, PGCN-G+
is compared to GCN [23] to provide an illustrative explanation
of its mechanism and validity. As shown in Figure 5(a),
GCN smoothes the observed node contents in the observed
neighbourhoods [24] (where the details of GCN is given in
Section V-A1). Unfortunately, both the network topology and
node content may contain noises, thus the direct smoothing
over observations may cause noise propagation. The PGCN
framework represents node content and edge weights as dis-
tributions to model their uncertainties. Based on Expectation
Maximization, Algorithm 1 iteratively updates the distribution-
based node representations (parameterized by µn and Λn) and
the edge weights γ(znk) shown in Figure 5(b).

The updates of distribution-based node representations are
carried out based on the estimated edge weights, which
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Fig. 5. An illustrative explanation of the mechanism of our proposed PGCN-G+ work. (a) Graph Convolutional Network (GCN) [23] smoothes the node
content over the neighbourhood based on the observed network topology and node content. (b) PGCN-G+ iteratively updates the distribution-based node
representations (µn and Λn) and the edge weights (γ(znk)).

represent the probabilities of the nodes in the same class being
connected. As shown in Eq. (19), the mean µn of node content
distribution is the weighted average of its neighbours with
the estimated edge weights γ(znk). Similarly, the variance
λnk, which represents the confidence of the node content,
is the weighted average of the squared differences between
the node content xn and the mean µj of the neighbourhood
distributions. Therefore, the updates of distribution-based node
representations are equivalent to denoise the node contents
according to the network topology.

Meanwhile, the updates of edge weights are performed
according to the estimated node content distributions. As
shown in Eq. (18), the edge weights are updated according to
the weighted similarities between node content. The weights
of the similarities are the variances of the node content
distributions, which represent the confidences (certainties) of
the node content. Therefore, the updates of edge weights is
equivalent to denoise the network topology with respect to
the node content.

In summary, our proposed PGCN-G+ iteratively denoises
the node content and the network topology.

D. PGCN-G+ for Inductive Learning

Inductive semi-supervised node classification task is to
apply the learned model to unseen graphs which possess the
same node attributes yet without any labels. In Algorithm 1,
which is the transductive version of the proposed PGCN-G+,
only the projection parameter U is directly determined by
the label Y, while the other parameters are only affected
by the adjacency matrix A, feature matrix X and learned
projection U. Therefore, to apply the learned PGCN-G+ to
unseen graphs, we fixed projection U and iteratively update
O, µn and Λn as shown in Algorithm 2.

V. RELATIONSHIP WITH EXISTING METHODS

In this section, we analyze three existing models, GCN,
GAT and GMM, and demonstrate that these models are the
special cases of the proposed PGCN-G+ approach. Then, we
compare the proposed PGCN framework with the existing
MoNet [21] to better differentiate them.

Algorithm 2: PGCN-G+ for Inductive Learning

Input: Adjacency matrix A ∈ RN×N , feature matrix
X ∈ RN×K , node label matrix Y ∈ R|Vl|×F ,
the number of classes F and learned projection
U.

Output: New adjacency matrix O and prediction T.
1 Initialize πn = dn/

∑
dn;

2 while not convergence do
3 %—– Exception-step —–
4 Update posterior γ(znk) via Eq. (18);
5 Update O with onk = γ(znk)/Nn;
6 %—– Maximization-step —–
7 Update µn via Eq. (19);
8 Update Λn via Eq. (17) ;
9 Update πn =

∑
k∈N(n)∪{n} γ(znk)/N ;

10 end
11 TPGCN-G+ = σ(OXU);
12 return O,T.

A. Graph Neural Networks

In this subsection, we first interpret the correspondences
between the training processes of graph neural networks
(GNNs) and our proposed PGCN-G+ as shown in Fig. 6.

On one hand, the training process of GNNs alternately
perform the forward and backward propagations as shown in
Fig. 6(a), which is similar to that of the deep neural networks
on grid data, such as fully-connected neural network and
convolutional neural networks (CNNs) [13]. In the forward
propagation of GNN, the loss is computed in two steps. First,
the node attributes are augmented by propagating them in the
local neighbourhoods with specific weights [40]. Second, the
augmented node attributes are fed into the classifier to compute
the loss. In the backward propagation of GNN, the parameters
of the neural networks are updated by back-propagating the
gradients of the loss.

On the other hand, the alternating process of our proposed
PGCN-G+, as shown in Algorithms 1 and 2, consists of
three components, i.e., Exception-step (E-step), Maximization-
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Fig. 6. Correspondences between the training processes of graph neural
networks (GNNs) and our proposed PGCN-G+. Boxes with the same color
are possessing similar functionalities.

step (M-step) and Mapping-step, as shown in Fig. 6(b). The
Exception-step computes the weights for the propagations.
Updating µn in Maximization-step propagates the node at-
tributes in the local neighbourhoods. Thus, both of the two
steps correspond to the forward propagations in GNNs. The
Mapping-step (updating U) and the operations (updating Λn

and πn) in Maximization-step will update the model param-
eters, which corresponds to the backward propagations in
GNNs. In Mapping-step, U is updated by minimizing the
cross-entropy loss. In Maximization-step, Λn and πn are
updated based on the obtained U and µn. Therefore, the
alternating steps of our proposed PGCN-G+ correspond to the
training process of graph neural networks.

According to these correspondences, we will demonstrate
that two milestone GNNs, i.e., GCN and GAT, are the special
cases of the proposed PGCN-G+ approach, as below.

1) Graph Convolutional Network (GCN): Graph convolu-
tion operation is the generalization of the convolution oper-
ation, which is applied to the regular grid such as image, to
irregular graph. GCN [23] simplifies many previous models
which possess high complexities, and defines the graph con-
volution operation with a parameter w on signal s ∈ RN as

gw ∗ s = w(IN + D−
1
2 AD−

1
2 )s,

where IN is the identity matrix with size N . Then, we renor-
malize IN +D−

1
2 AD−

1
2 to D̃−

1
2 ÃD̃−

1
2 ,where Ã = A+IN

and D̃nn =
∑
j Ãnj = dn + 1. The normalized formula can

be generalized from 1-dimensional signal s ∈ RN×1 and one
filter w ∈ RK×1 to a K-channels signal X ∈ RN×K and F
filters W ∈ RK×F , each of which is for one class. Then, the
graph convolution operation can be extended to

TGCN = D̃−
1
2 ÃD̃−

1
2 XW, (25)

where TGCN = [tnf ] is the convolved signal matrix.
Li et al. conclude the mechanism and success of GCN
that it actually performs a symmetric Laplacian smoothing
(HGCN = D̃−

1
2 ÃD̃−

1
2 ) operation followed by a projection

TGCN = HGCNW [24]. This mechanism can be imple-
mented by constructing two layers, a smoothing layer and
a fully-connected layer, in a neural network. The symmetric
Laplacian smoothing operation serves as the key to GCN’s

performance improvement. On the other hand, asymmetric
Laplacian smoothing operation

H = D̃−1ÃX, (26)

play a similar role. The parameter W is obtained by min-
imizing the cross-entropy between the given labels and the
predictions

L = −
∑
n∈Vl

F∑
f=1

ynf log(tnf ). (27)

Next, we will demonstrate that GCN is a special case of our
proposed PGCN-G+.

Proposition 1. (Probabilistic Interpretation of GCN) Re-
gardless of the differences between asymmetric and symmetric
Laplacian smoothings, the GCN model is equivalent to a
special case of PGCN-G+ which omits the latent variables
zn and πn, while fixes Σn = Σ for all the vertices and sets
the graph to be a self-loop (ann = 1 for all n) as shown in
Figure 3(C).

Proof. Since the latent variables zn and πn are omitted, the
marginal distribution of observation {A,X} can be repre-
sented as

p(A,X) =
∏
n

∏
k∈N(n)∪{n}

{N (xn|µk,Σ)}ank .

Different from Eq. (5), the only variables here are µk and
Σ. Thus, they can be obtained by directly minimizing the
logarithm of the likelihood function as

µn =
1

dn + 1

∑
k∈N(n)∪{n}

xk.

Then, it can be reformed to

H = D̃−1ÃX, (28)

where the nth row of H and X is µn and xn, respectively.
Thus, computing the mean for each vertex is equivalent to the
asymmetric Laplacian smoothing operation in GCN.

In PGCN-G+, Uµn is employed to predict the labels, where
Σn = UTΛnU. Since Σn = Σ for all n, Z = HUT =
D̃−1ÃXW is exploited to predict the labels and W = UT is
calculated by minimizing the cross-entropy between the labels
and predictions. As can be concluded, GCN is equivalent to a
special case of PGCN-G+.

2) Graph Attention Networks (GAT): The success GCN
is achieved by smoothing (averaging) the node content in a
local neighbourhood. To consistently process the variable sized
inputs and focus on the most serviceable parts of the inputs,
the attention mechanism is introduced by GAT to handle
the different sizes of the neighbourhoods. GAT replaces the
smoothing layer in GCN with a graph attention layer. To obtain
the nodes with more attentions, attention coefficients

onk =
exp

(
c(xTnW,xTkW)

)∑
k∈N(n) exp

(
c(xTnW,xTkW)

) , (29)

is computed to reveal the amount of attention obtained at node
vk from node vn. c(xTnW,xTkW) represents a shared attention
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mechanism c : RF × RF → R. N(n) denotes the neighbour-
hood of vertex vn. GAT adopts the Leaky-ReLU nonlinearity
mapping on [xTnW||xTkW]b, where [xTnW||xTkW] is the
concatenation of xTnW and xTkW, and b ∈ R2F stands for
the shared parameters. O = [onk] ∈ RN×N can be regarded as
the re-weighting of the adjacency matrix A = [ank] ∈ RN×N .
onk 6= 0 when ank = 1, i.e., the vertices vn and vk are
connected. Then GAT can be represented as

TGAT = OXW. (30)

The parameter W can be computed by minimizing the cross-
entropy between the given labels and predictions according to
Eq. (27).

The following theorem illustrates the fact that GAT is also
a special case of PGCN-G+.

Proposition 2. (Probabilistic Interpretation of GAT) The
GAT model with the attention mechanism c(x,y) = ||x−y||22
is equivalent to a special case of PGCN-G+, which fixes
πn = 1

N and Σn = Σ for all the vertices and set the graph
without any self-loops (ann = 0 for all n), as shown in Figure
3(D).

Proof. Since πn = 1
N and Σn = Σ, Eq. (18) can be reformed

to

onk =
exp

{
(xn − µk)TΣ−1(xn − µk)

}∑
j∈N(n) {(xn − µj)Σ−1(xn − µj)T }

=
exp

{
[W(xn − µk)]T [W(xn − µk)]

}∑
j∈N(n) {[W(xn − µj)][W(xn − µj)]T }

,

where Σ−1 = UTΛ−1U and W = Λ−
1
2 U. Usually, µk is

initialized by xk, and γ(znk) becomes

onk = γ(znk) =
exp

{
||W(xn − xk)||22

}∑
j∈N(n) {||W(xn − xj)||22}

.

Then, the updating rule of µn becomes

µn =
∑

k∈N(n)

onkxk. (31)

Eq. (31) is equivalent to the graph attention operation in Eq.
(29) in GAT with c(x,y) = ||x − y||22 and can be reformed
to the matrix form

H = OX, (32)

where the nth rows of H and X is µn and xn, respectively,
and O = [onk] ∈ RN×N is the collection of posterior. Thus,
computing the mean for each vertex is equivalent to the graph
attention layer in GAT.

The equivalence between the projection W in GAT and the
weighted singular vectors Λ−

1
2 U is similar to that in Theorem

1. Therefore, GAT is equivalent to a special case of PGCN-
G+.

Remark 1: According to the analysis of GCN and GAT, we
can conclude that the vector-form node representation is es-
sentially a special case of the distribution-form representation
by assuming the covariances of all the nodes being the same.
The weighted singular vectors Λ−

1
2 U, where the weight Λ−

1
2

is computed with respect to the singular value, can be regarded
as the mapping W from the feature space to the semantic space
(label space). Therefore, the learning of the mapping function
(fully-connected network) is equivalent to the estimation of U
in PGCN-G+.
Remark 2: The overall computational complexities of both
GCN and GAT are O(MK + NFK), where N and M are
the numbers of nodes and edges, respectively, and F and K are
the dimensionalities of the input and output features of nodes,
respectively. Note that O(NFK) and O(MK) operations are
induced by node feature mappings and propagations, respec-
tively. According to Theorems 1 and 2, the additional cost of
our proposed PGCN-G+ in Algorithms 1 and 2 is induced
by updating the covariances for all the nodes in Eq. (17),
compared to GCN and GAT. Then, the additional complexity
in each iteration is O(MK), which is the same as that of
the propagations in GCN and GAT. Therefore, our proposed
PGCN-G+ does not increase the computational complexity
compared to existing GNNs.

B. Gaussian Mixture Models (GMM)
The Gaussian mixture model, which is represented by a

graphical model in Figure 3(E), can be written as a linear
combination of the Gaussian distributions in the form

p(x) =

F∑
k=1

πkN (x|µk,Σk), (33)

where πk is the mixing coefficient and satisfies
∑F
k=1 πk = 1,

and F is the number of clusters to be determined in ad-
vance. GMM has been successfully applied to many real
clustering problems including the background subtraction and
the speaker identification etc. GMM can also be interpreted
as a latent variable model. By introducing a F -dimensional
latent binary variable zn ∈ {0, 1}F with

∑F
k=1 znk = 1, the

distribution of the observed data point xn can be formulated
via marginalizing the joint distribution

p(xn) =
∑
zn

p(zn)p(xn|zn) =

F∑
k=1

πkN (x|µk,Σk), (34)

where

p(zn) =

F∏
k=1

πznk

k , p(xn|zn) =

F∏
k=1

N (x|µk,Σk)znk .

Obviously, they are very similar to our proposed PGCN-
G+ (Eqs. (1-4)). There exists constraints for the topological
information ank in PGCN-G+ while there are none in GMM
(Eq. (34)). Thus, GMM is a special case of PGCN-G+ with
ank = 1 for all n and k, i.e., without the topological
information constraint.

C. Comparison with MoNet
Mixture Model Network (MoNet) [21] is the most similar

method to our proposed PGCN. It directly models the rep-
resentation of vertex vn as the weighted combination of its
neighbours via

x̂n =
∑

k∈N(n)

w
(
u(vn, vk)

)
xk,
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TABLE I
DATASETS.

Dataset #Nodes #Edges #Classes #Features

Texas 187 328 5 1,703
Cornell 195 304 5 1,703
Washington 230 446 5 1,703
Wisconsin 265 530 5 1,703
Wiki 3,363 45,006 19 4,972

CiteSeer 3,327 4,732 6 3,703
Cora 2,708 5,429 7 1,433
PubMed 19,717 44,338 3 500

PPI 56,944 818,716 121 50
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Fig. 7. The node classification results on three datasets with varying
percentages of labelled nodes.

with the weights w
(
u(vn, vk)

)
defined as

w
(
u(vn, vk)

)
= exp

{
−1

2
(xn − µk)Σ−1(xn − µk)T

}
,

where u(vn, vk) = ( 1√
dn
, 1√

dk
), dn denotes the degree of the

vertex vn, and µ and Σ represent the learnable parameters.
The differences between MoNet and our proposed PGCN are
summarized as below.
• According to the detailed motivations of the two methods,

the edge weights between the vertices vn and vk are
determined by different kinds of information. MoNet
assigns the weights with respect to only the topological
information (e.g. degree), thus it can be regarded as an
extension of GCN while remains differently compared
to GAT. In PGCN, the neighbourhoods are determined
by the network topology while the weights are computed
according to the content of the vertices. Therefore, PGCN
is more flexible and robust compared to MoNet.

• From the perspective of methodology, MoNet and
PGCN are also different. MoNet is a heuristic bottom-
up approach, which unifies the existing methods via
one strategy and extends it with learnable parameters.
PGCN is a top-down framework, which formulates the
semi-supervised node classification task as a topology-
constrained latent space model. This framework is es-
sentially a more general framework which encompasses
some existing methods as its special cases.

VI. EXPERIMENTAL RESULTS

A. Datasets

For the transductive learning task, the experiments are
conducted on three commonly utilized citation networks, Cora,

TABLE II
TRANSDUCTIVE NODE CLASSIFICATION RESULTS WITH DATASET SPLIT

AS IN [42].

Methods Cora Citeseer Pubmed

MLP 55.1% 46.5% 71.4%
ManiReg 59.5% 60.1% 70.7%
SemiEmb 59.0% 59.6% 71.7%
LP 68.0% 45.3% 63.0%
DeepWalk 67.2% 43.2% 65.3%
ICA 75.1% 69.1% 73.9%
Planetoid 75.7% 64.7% 77.2%

Chebyshev 81.2% 69.8% 74.4%
GCN 81.5% 70.3% 79.0%
MoNet 81.7% 69.9% 78.8%
ST-GCN 81.7% 70.1% 79.2%
SGC 81.0% 71.9% 78.9%
APPNP 83.2% 71.8% 79.7%
GAT 83.0% 72.5% 79.0%

PGCN-G+ 84.5% 74.2% 80.4%

CiteSeer and PubMed, as shown in Table I. In each network,
nodes and edges are research papers and undirected citations,
respectively. In addition to the network structure, node content,
which is represented by the bag-of-word representation of
the documents, is available. According to the disciplines,
papers are categorized into various classes. Besides, five more
networks, including Cornell, Texas, Washington, Wisconsin
and Wiki, are employed. Four of them, i.e., Texas, Cornell,
Washington and Wisconsin, are the sub-networks of the We-
bKB network. Each of them is the collection of webpages from
an American university. Similarly, nodes in Wiki network are
webpages from Wikipedia.

For the inductive learning task, the protein-protein inter-
action (PPI) dataset [41] is employed as shown in the last
row of Table I. PPI dataset consists of 24 attribute graphs,
each of which corresponds to a different human tissue and
contains 2,373 nodes in average. Each node possesses 50
features including positional gene sets, motif gene sets and
immunological signatures. We employ 121 cellular functions
from the gene ontology sets, which are collected from the
Molecular Signatures Database, as labels. Algorithms are
trained on 20 graphs, validated on 2 graphs and tested on 2
graphs. The 20 graphs for training and 2 graphs for validation
are fully labelled, while the 2 graphs for testing are unseen
during training and validation steages.

B. Baselines

For the transductive learning task, we employ 14 state-
of-the-art semi-supervised node classification algorithms, in-
cluding multilayer perceptron (MLP), label propagation (LP)
[43], semi-supervised embedding (SemiEmb) [44], manifold
regularization (ManiReg) [45], graph embedding (DeepWalk)
[46], iterative classification algorithm (ICA) [47], graph-based
semi-supervised learning framework (Planetoid) [42], graph
convolution with Chebyshev filters [14], graph convolutional
network (GCN) [23], mixture model networks (MoNet) [21],
self-training GCN (ST-GCN) [24], graph attention networks
(GAT) [22], simplified GCN (SGC) [48], and approximated
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TABLE III
TRANSDUCTIVE NODE CLASSIFICATION RESULTS (BOTH ACCURACIES

AND RUNTIMES) WITH RANDOM DATASET SPLITS.

Methods Cora Citeseer Pubmed

Chebyshev 76.8% (2.5s) 67.2% (5.2) 75.8% (2.9)
GCN 79.1% (1.3s) 68.2% (1.4s) 76.8% (0.9s)
MoNet 80.2% (3.6s) 69.1% (4.7s) 77.8% (9.3s)
ST-GCN 79.3% (1.4s) 67.7% (1.4s) 77.0% (1.0s)
SGC 80.0% (0.7s) 68.3% (0.4s) 76.6% (0.7s)
APPNP 82.2% (1.1s) 70.0% (1.2s) 78.9% (1.1s)
GAT 81.3% (5.8s) 69.1% (6.6s) 77.9% (15.4s)

PGCN-G+ 84.1% (6.4s) 73.5% (7.1s) 79.9% (17.8s)

personalized propagation of neural predictions (APPNP) [49],
for comparisons. All the baseline methods except DeepWalk
are semi-supervised methods, while DeepWalk learns the node
embeddings in an unsupervised manner and feeds the learned
embeddings into a classifier, which is trained with part of the
node labels. Besides, to give a comprehensive understanding,
we also compare our method with another 5 community
detection methods, which are all unsupervised methods, on
attribute network. Degree-corrected Stochastic Block Model
(SBM) [50] and MRF [51] only adopt network topology, while
LDC [52], SCI [53] and MBP [54] utilize both the network
topology and node attributes. All the results of the baseline
methods are either from their original papers or produced by
running the codes from the authors with their default settings.

For the inductive learning task, we employ 7 state-of-the-
art algorithms, including random classifier, logistic regression
based on node feature without network structure, inductive
variant of the GCN [23], three variants of GraphSAGE [19]
with different aggregator functions and GAT [22].

C. Results Analysis

1) Transductive Learning : In this task, PGCN-G+ is
compared to 14 baseline methods by applying the experimental
settings in [42], where 20 nodes per class, 500 nodes and 1000
nodes are employed for training, validation and performance
evaluation, respectively. As shown in Table II, our PGCN-
G+ outperforms all the baseline methods. The improvement
of PGCN-G+ compared to GAT, which achieves the best
performance except the proposed method, is moderately sig-
nificant. Although the accuracy improvement is 1.53% in
average, a large proportion of the error rates has been reduced.
Specifically, the average error rates of GAT and our proposed
PGCN-G+ are 21.84% and 20.3%, respectively, and thus the
error rate reduction is (21.84% - 20.3%)/21.84% = 7.05%.

Besides, to provide a comprehensive comparison, we ran-
domly split the network with the same numbers of nodes
for training, validation and evaluation as [42] for 100 times
and report both the average accuracies and runtime in Table
III. Note that different algorithms are originally implemented
with different framework, such as Tensorflow or Pytorch. For
fair comparison, Pytorch Geometric [55], which implements
most of the GNNs, is employed here. As can be observed the
accuracies and runtime are the results of training with 200
epochs. The runtime is the sum of training time, validation

TABLE IV
COMPARISONS WITH DIFFERENT COMMUNITY DETECTION METHODS.

Datasets SBM MRF LDC SCI MBP GCN Ours

Texas 48.1 30.6 38.8 49.7 53.6 57.1 65.2
Cornell 37.9 31.8 30.3 36.9 47.2 46.3 55.9
Washin. 31.8 35.0 30.0 46.1 42.9 54.9 66.3
Wiscon. 32.8 28.6 30.2 46.4 63.4 55.6 67.9
Wiki 2.6 31.1 28.8 29.5 46.3 16.4 44.7

CiteSeer 26.6 22.2 24.9 34.4 49.5 70.3 74.2
Cora 38.5 58.1 34.1 41.7 57.6 81.4 84.5
PubMed 53.6 55.5 63.6 - 65.7 79.0 80.4

TABLE V
INDUCTIVE CLASSIFICATION RESULTS.

Methods PPI (split as [19]) PPI (random splits)

Random 0.396 0.388
Logistic Regression 0.422 0.436
Inductive GCN 0.500 0.496
GraphSAGE-mean 0.598 0.585
GraphSAGE-LSTM 0.612 0.615
GraphSAGE-pool 0.600 0.610
GAT 0.934 0.930

PGCN-G+ 0.979 0.977

time, and evaluation time. The average accuracies of PGCN-
G+ also outperforms all the baseline methods. Compared to
GAT, which share the same covariance matrix among all the
nodes, the additional runtime of our PGCN-G+ are mainly
spent on the calculation of the covariance matrix for each
node, which is the main reason of the high accuracies and
noise robustness of PGCN-G+. It not only demonstrates the
effectiveness of our PGCN-G+ on jointly exploiting the node
content and network topology, but also indicates the superior-
ity of applying the distribution-based node representation.

In addition, we want to validate the effectiveness of PGCN-
G+ on leveraging labelled data, especially limited labelled
data. Thus, the performances of four representative methods
including PGCN-G+ are provided with varying percentages of
labelled nodes. As shown in Figure 7, the performance gains
of PGCN-G+ are consistent and significant compared to the
baseline approaches.

To comprehensively evaluate the proposed PGCN-G+, we
compare it with the methods from community detection area.
In addition to the three citation networks, five webpage
networks, which is often adopted to evaluate the commu-
nity detection methods, are employed. For the four medium
webpage networks, including Cornell, Texas, Washington and
Wsicsonsin, we adopt 20% labelled nodes for training, 10%
labelled nodes for validation, and other nodes for testing. For
large Wiki network, the percentages of nodes for training and
validation are 3% and 3%, respectively. The results are shown
in Table IV. As can be observed, GCN only significantly
improves the existing community detection methods on three
citation networks. However, its performances on the five
webpage networks are only comparable to or even worse than
the community detection methods. This phenomenon indicates
that simply smoothing in the local neighbourhood (exploited
by GCN) is not widely applicable. Its performances will be
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Fig. 8. Noise impacts on performance.

degraded by the noises in topology and node content. By
iteratively denoising the network topology and node content,
PGCN-G+ remarkably improves the accuracies and possesses
robustness against the interferences.

2) Inductive Learning : The performance on two unseen
graphs is measured with the micro-averaged F1 score, which
is already employed in the evaluation of GraphSAGE [19] and
GAT [22]. The results shown in Table V are the averages of
10 runs for each methods. For comprehensive comparison,
both the dataset split strategy in GraphSAGE [19] and the
random dataset split are employed. Both GAT and PGCN-G+
significantly outperform other methods. The error rates of GAT
and PGCN-G+ are 6.6% and 2.1%, respectively. Therefore, the
error reduction of PGCN-G+ is (6.6% - 2.1%)/6.6% = 68.2%,
which is quite significant. However, GAT models the content
of all the nodes with identical covariance as shown in Figure
3(D) and Theorem 2. This hinders its ability to model different
content uncertainties of different nodes. By modeling different
nodes with different covariances, PGCN-G+ overcomes this
difficulty and achieves a better performance.

D. Robustness Against Noises

To demonstrate the robustness of PGCN-G+ against noises,
we manually add noises to links and node content, and quan-
titatively measure their impacts on performance. For links, the
noises is added by randomly altering the existing connections.
For node content in the bag-of-word form, we randomly
remove some percentages of words. The results on Cora and
Citeseer networks are shown in Figure 8. It reveals that the
consistent performance improvements of PGCN-G+ compared
to the baselines are more significant at high noise levels. Take
the Cora network as an example. The improvements of PGCN-
G+ over other methods is 3.2% when 2% noises are added,
while the improvement is 7.4% when 10% noises are added.

Figure 8(a) gives the results of different methods with
varying percentages of link noises. Compared to GCN and
MoNet, GAT and PGCN-G+ are more robust, because both of
them refine the network topology according to node content
information. Due to the distribution-based node representation,
which facilitates the modeling of the content uncertainties,
PGCN-G+ outperforms GAT, especially at high noise levels.
Figure 8(b) presents the results with different levels of the
node content noises. As can be observed, the performances
of PGCN-G+ are still much better than the other methods,
especially at high noise levels, because PGCN-G+ iteratively
denoises the network topology and node content. On the con-
trary, different from the case of link noises, the performance
of GAT drastically decreases when the amount of the node
content noise increases, be because GAT only refines the
network topology with respect to the node content. When a
certain amount of node content noises is added, this refinement
strategy will not improve the classification performances,
but provide potential negative impacts on the performances
because the refinement may not be correct. According to
the robustness test, PGCN-G+ possesses superior robustness
against noises than the baseline methods.

VII. CONCLUSIONS AND FUTURE WORK

In this paper, we propose a top-down latent space frame-
work, Probabilistic Graph Convolution Network (PGCN), to
provide a probabilistic perspective for the semi-supervised
node classification problem. PGCN formulates the nodes in
a distribution-form representation and models the graph con-
volution operation as a topology constraint. This model can
iteratively denoise the network topology and node content with
respect to each other. To be specific, we apply the general
framework to a specific type of problems, which assumes
the existence of Gaussian distribution, and propose PGCN
with Gaussian distribution representation (PGCN-G). Then, we
improve PGCN-G to PGCN-G+ by imposing the covariance
matrices to possess identical singular vectors. Our derivations
have proved that the existing GCN, GAT and GMM are
the special cases of PGCN-G+, and our proposed framework
can elaborate their characteristics and relationships. Extensive
experiments demonstrate the effectiveness of the proposed
method compared to many state-of-the-art approaches and its
robustness against noises.
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Bronstein, “Geometric deep learning on graphs and manifolds using
mixture model cnns,” in Proceedings of the IEEE Conference on
Computer Vision and Pattern Recognition, CVPR 2017, Honolulu, HI,
USA, July 21-26, 2017, 2017, pp. 5425–5434.
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